The consequences of the Causality Principle for the constitutive equations of nonequilibrium thermodynamics are investigated. It is proved that such a principle, once interpreted in the light of the experimental results, is compatible with both the hyperbolic and parabolic thermodynamic theories. As an example, a di¤usive-hyperbolic model of heat conduction is presented.
Introduction
Classical Newtonian mechanics does not imply any limit on the speeds of propagation of thermomechanical disturbances. However, physicists firmly believe that the di¤erential equations of nature should exclude instantaneous propagation and, therefore, they should be cast in the hyperbolic form. Yet, some equations of classical continuum mechanics and thermodynamics, those of Navier-Stokes and Fourier, are parabolic. This incompatibility has prompted a new thermodynamic theory, developed by several authors in the last two decades, extended irreversible thermodynamics [1, 2, 3] . In this theory the instantaneous propagation is removed by changing in a subtle way many tenets of classical irreversible thermodynamics. Moreover, some of its basic postulates are inspired by the kinetic theory of gases. Such an approach seems to be questionable to those scientists who, along with Truesdell, believe and claim that in a macroscopic framework ''not even the form of the constitutive equations is derived from the molecular theory, rather the molecular theory so-called is forced into agreement with preconceived phenomenological ideas'' ( [4] , Lecture 7: The Onsager Relations). On the other hand, the classical ''paradoxical'' theories are able to describe a wide class of physical phenomena. Moreover, as pointed out by Fichera [5] and Day [6, 7] , sometimes their paradoxical nature is only apparent. In other cases, such as the second sound propagation at low temperature, these theories are not applicable because the conditions which assure their validity are not verified [8, 9] . From the mathematical point of view the parabolic theories are easier to handle and also allow the application of certain useful mathematical techniques, such as the parabolic regularization method, for searching weak solutions to the hyperbolic systems [10, 11] . The considerations above suggest that in non-equilibrium thermodynamics it would be desirable to obtain systems of governing equations which contain some material parameters whose value determines the nature (parabolic or hyperbolic) of the system itself. To accomplish that task a new formulation of the causality requirement for the constitutive equations which is compatible with both parabolic and hyperbolic models seems to be necessary. This is the aim of the present paper. In Section 2 we start from Fichera's remarks [5] and prove that, if the solution of the classical heat equation is interpreted in the light of the basic experimental assumptions, then it leads to a finite speed of propagation of thermal disturbances. In Section 3 the latter result will help us to provide a weak formulation of the Causality Constitutive Principle often postulated in modern non-equilibrium thermodynamics [12] . Then, in Sections 4 and 5, we apply the aforesaid point of view to derive a di¤usive-hyperbolic model of heat conduction based on the so-called semiempirical temperature scale, introduced by Cimmelli and Kosiń ski [13] in the framework of gradient theories with internal variable [14] . The model, which generalizes an analogous one by Kosiń ski and Wojno [15] , is developed by applying the Onsager approach to non-equilibrium thermodynamics. However it is proved that the same result can be achieved by using Liu's procedure [16] for the exploitation of the Second Law. In Section 6, after the identification of the material parameters on the basis of the experimental data, we obtain both the hyperbolic semi-empirical heat conduction system and the classical Fourier's equation as particular cases, each corresponding to a given set of values of the material parameters. A final discussion on the di¤usive-hyperbolic systems is developed in Section 7.
Finite speed of propagation in Fourier's theory
Let B denote a rigid body which occupies a compact and simply connected fixed region C of an Euclidean point space E 3 . Moreover, let the position of the points of C be denoted by a vector x of the associated vector space E 3 . We assign to C a positive mass measure by setting
ð2:1Þ
where mðc Ã Þ is the mass of the subpart of B which occupies a subset c Ã of C and r : C ! ½0; y½ is the mass density. A thermodynamical process involving B is represented by a curve almost regular in the thermodynamic state space spanned by the absolute temperature y together with its gradient g ¼ grady. Along the process the local balance of energy r _ e e ¼ Àdivq þ rs ð2:2Þ
holds true, where e is the specific internal energy, s the heat source per unit of mass and q the heat flux vector [12] . Under the constitutive hypotheses . In order to examine the nature of the solutions of (2.5) let us consider the Cauchy problem for a semi-infinite wire which we represent by the nonnegative real axis ðx b 0Þ. Let us suppose that at the initial instant t ¼ 0 the temperature, in a given system of units, takes the value 1 for x ¼ 0 and vanishes for x > 0. We get then the following initial value problem From (2.8) it follows that for t > 0 and x Ã as large as we wish results yðx Ã ; tÞ > 0, i.e., the heat has propagated from the point x ¼ 0 to the point x ¼ x Ã in an interval of time no matter how small. This brings us to the conclusion that the speed of propagation of heat is infinite [17] . Such a property, which is contradicted by the most elementary experiences, was considered by many authors to be paradoxical. Our aim here is to analyze Eq. (2.8) from the point of view of the physical experience. In such a framework the statement that a measured quantity, such as position, time or temperature, in a given system of units takes the value m must be understood in the sense that to this quantity can be attributed any value of the interval ½m À e; m þ e, where e stands for a positive constant depending on the degree of refinement of the measurement. In general, for any given system of units and for any physical quantity to be measured, e assumes the physical dimensions of that quantity. Moreover, in the same experiment one can get a di¤erent degree of precision, i.e., a di¤erent e, for di¤erent physical quantities. However, without losing generality, we may suppose that the units have been chosen in such a way that a unique e may be considered for the measured values of space ðxÞ, time ðtÞ and temperature ðyÞ. Along with Fichera [5] we observe that e may be considered as an upper bound for the negligible quantities and it is determined by the error one is willing to accept in the tested model. In the light of the latter considerations, the statement that y is di¤erent from zero at a point x of the wire at the instant t corresponds to the mathematical relation Then, owing to (2.9) we obtain
Since the inequality above requires
ð2:11Þ
it can be rewritten in the form
From (2.12) it follows that, if d is the distance from the origin of a point which remains not heated only for a short interval of time t < e, then
Moreover, the inequality d b e implies an infinite speed of propagation in that the points laying at a distance not negligible from the origin will be reached by the thermal disturbance after a negligible interval of time, i.e., instantaneously. On the other hand, due to (2.13), the condition d b e yields 4pD a 1 e 3 e The relation above may be regarded as a necessary condition for the infinite speed of propagation. Moreover, since the smaller e is the easier it fulfills Eq. (2.14), we argue that Fourier's theory loses its validity as e tends to zero. However, as observed in [5] , the limiting case e ¼ 0 is unrealistic and cannot correspond to any actual physical situation. Such a result seems to be in agreement with the conclusions by Fichera [5] and Day [6] . According to that picture, the measured value of the speed of propagation depends on two important properties of the experiment: a) the order of magnitude of the physical parameters entering the experiment; b) the level of accuracy of the measurements and, as a consequence, the order of magnitude of the negligibles. Then, even though the di¤usion equation would require an infinite speed of propagation, its measured value would be finite whenever the experimental accuracy was low enough that the observed temperature deviations were negligible outside a bounded interval.
As an example let us consider a crystal of sodium fluoride (NaF) near to the critical temperature y c ¼ 15:6K at which the second sound propagation takes place. We have [8] 4pD ¼ 2:5 Â 10 5 so that if e ¼ 0:01 then (2.14) holds true and we can get an infinite speed of propagation. On the other hand, if e ¼ 0:05 then (2.14) is not valid and we get a finite speed even in Fourier's theory.
A weak Causality Constitutive Principle
In the present section we formulate a new constitutive principle which makes the parabolic theories compatible with the causality requirement. The Causality Principle states that, if two events are causally correlated, then the cause must precede the e¤ect. As a consequence, the systems of governing equations of nature must be hyperbolic. Recently such a requirement has been formulated by some authors as an additional material axiom of continuum mechanics and thermodynamics, hereafter referred to as Causality Constitutive Principle [12] . Let us assume a kinematic theory (classical or relativistic) is given and let C I denote the set of the admissible speeds with respect to any inertial frame of reference I . In Galilei's relativity C I coincides with the whole real set R. In special theory of relativity instead, in any inertial frame of reference, C I is the compact set ½Àc; c [18, 19] .
In continuum thermodynamics the basic systems of governing equations may be put in the balance form r _ w w þ divFðzÞ ¼ rsðzÞ:
ð3:1Þ
In (3.1) w A W J E k represents the set of the wanted fields, z A Z J E m is the set of the basic fields and W J Z. If (3.1) is hyperbolic, then the components of w propagate through the space with a finite speed. If instead the system is parabolic, then at least one component of w has an infinite velocity [20] . Let us suppose the set C I of the admissible speeds is given.
We say that the system (3.1) is kinematically admissible if the speeds of propagation of the components of w are included in C I . Of course, the kinematic admissibility of (3.1) depends on the model of space-time we are considering. For instance, in the relativistic framework the characteristic speeds cannot exceed c while such a constraint does not exist in the Galilean kinematics.
Let us remark that once an experiment to measure w has been designed and the associated experimental error on each of the components of w has been calculated, then it is possible to determine a vector e A W whose components e i represent the minimum value of w i which is detectable by the experimental apparatus. Let now wðx; 0Þ ¼ w 0 ðxÞ ð 3:4Þ
be an initial condition for (3.1) with a compact support in E 3 . We say that a solution w : E 3 Â ½0; T Ã ! W of the Cauchy problem (3.1) and (3.4) is not negligible up to the experimental error e if there exists a non-empty subset X of E 3 and a non-empty subset U of ½0; T Ã such that at least one component w i of w satisfies the inequality
for any couple ðx; tÞ A X Â U. Furthermore, such a solution will be said causally admissible up to the experimental error e if the set X is compact.
In other words, the causal admissibility requires the speeds of propagation to be finite in a suitable approximation. As we have proved in the previous section, such a property does not force the system (3.1) to be hyperbolic in a strict mathematical sense. Finally, let us observe that in special relativity, where the strict hyperbolicity is necessary, the requirement of causal admissibility is weaker than that of kinematic admissibility; on the other hand, in classical Newtonian mechanics the causal admissibility is stronger than the kinematical one. On the basis of the latter considerations let us enunciate the following
Weak Causality Constitutive Principle
The constitutive equations (3.2) and (3.3) must be assigned in such a form that:
1. the solutions of the Cauchy problem (3.1) and (3.4) are kinematically admissible; 2. if a solution of (3.1) and (3.4) is not negligible up the experimental error e then it is also causally admissible up the experimental error e.
The statement above forces the constitutive equations to assure the hyperbolicity of (3.1) whenever it is required by the structure of the space-time. This is the case for the relativistic continuum mechanics and thermodynamics, where the properties of the matter-fields are described by a set of constitutive equations for the components of the 4-dimensional energy-momentum tensor [21] . On the other hand, if the structure of the space-time does not require the hyperbolicity of (3.1), as it happens in Galilei's relativity, the principle so formulated is compatible with both hyperbolic and parabolic theories.
Entropy production in the presence of a new temperature scale
Thermal wave propagation is a typical low temperature phenomenon which can be observed in some dielectric crystals such as sodium fluoride and bismuth [8, 9] , and can be described by modifying the classical proportionality law between the heat flux and the gradient of temperature [22, 23] . Recently Cimmelli and Kosiń ski [13] proposed a phenomenological theory of heat conduction which rests upon a gradient generalization of thermodynamics with internal variables [14] . The authors introduced a non-equilibrium scalar variable b, the semi-empirical temperature, whose gradient is related to the heat flux by a Fourier's type heat conduction law. By design b coincides with y at the equilibrium, otherwise b follows after y with a certain delay controlled by a small parameter t, the relaxation time [13, 24] . The theory has been tested numerically by Frischmuth and Cimmelli [25, 26] and the results seem to be in accordance with the experiments. Later on, Kosiń ski and Wojno [15] modified the model in order to allow the parabolic regularization of the hyperbolic governing system. These authors proposed a constitutive equation for the heat flux having the form The second law of thermodynamics forces s s to be nonnegative. By using (4.4) we can calculate the time derivative of s, namely, the generalized Gibbs equation
where the thermodynamic relation 1 y ¼ qs qe has been used. Let us observe that, due to positiveness of the specific heat c 1 qe qy , we are allowed to substitute the internal energy e with the absolute temperature y in the set of the thermodynamic variables and then to regard the constitutive quantities as functions of the basic field z 0 ¼ ðy; b; bÞ. Furthermore, by taking the gradient of (4.2) we obtain the so-called extended kinetic equation .5) and (4.6) lead to the following expression for the density of entropy production
The Onsager approach to non-equilibrium thermodynamics [27] allows us to regard the right hand side of (4.7) as a bilinear product of generalized forces times generalized fluxes or rates, as it is shown by the following decomposition
Thence we may represent the fluxes and rates as linear combinations of forces [27] :
where the tensors L; K; P and S, the vectors m; n; p and r and the scalar a depend on the basic field z 0 . Finally, if the entropy density does not depend on b, then Eq. (4.8) yields
By combining (4.12) and (4.13) we get the following heat flux vector
Let us remark that the hypothesis F s ¼ q y is not the most general one in nonequilibrium thermodynamics [28, 29] . A more general hypothesis on F s would result in a di¤erent constitutive equation for q. However, in the next section we will prove that such a simple assumption is su‰cient to obtain a di¤usive-hyperbolic model for heat conduction. Let us close this section by applying a more systematic treatment of the Second Law based on the celebrated Liu procedure [16] which, in turn, can be derived as a corollary by a previous Farkas theorem, well known in linear programming [30, 31] . Our task is to obtain the restrictions that a positive entropy production introduces on the constitutive equations. We prove that such an approach yields again the heat conduction model developed above. Beside the local balance of the energy (2.2) 
whatever the vector d ¼ ð _ e e; 'e; 'bÞ in the process direction space is [12, 31] ; 2) along any thermodynamic process the following residual inequality holds true:
As a consequence of (4.16) we get the thermodynamic restriction
On the other hand, a comparison with (4.7) shows that the left hand side of (4.17) represents the density of entropy production along a generic thermodynamic process in which the variable b does not enter the basic field. Hence, we get again the constitutive equations (4.12) and (4.13) by requiring that the entropy production is nonnegative. In this way the constitutive equation (4.14) can be recovered.
Di¤usive-hyperbolic heat conduction
The constitutive equation (4.14), which models a very general anisotropic heat conductor, includes both Fourier's and the semi-empirical heat conduction laws. Let us prove such a property by considering a simplified model. In fact, although some severe restrictions have been imposed on the heat flux by the second law of thermodynamics, Eq. (4.14) is still too general and some simplifications seem to be desirable. To this end let us postulate the existence of a control parameter tðyÞ, which can be regarded as a relaxation time, such that
where f 1 and f 2 are suitable regular functions having the dimension of temperature.
In such a way, if t ¼ 0, then b reduces to a function of y. More precisely, it is given by the function BðyÞ which is a solution of the stationary equation
In particular let us choose f 2 ¼ Àf 1 so that b reduces exactly to y as t tends to zero. As a consequence, the vectorial internal variable b relaxes to the gradient of the absolute temperature. Moreover, let us restrict ourselves to the isotropic case and let us assume where I means the unitary tensor, kðyÞ and KðyÞ are two positive material functions both having the dimension of heat conductivity and z is a small parameter which controls the transition to the hyperbolic regime. Then (4.14) takes the form
which is of the type (4.1). In order to obtain the physical identification of the material parameter z we recall that, because of the previous assumptions, it is natural to require that (5.5) yields the classical Fourier law as t vanishes. This fact suggests the identification 
Let us append some short comments to the results above. As is well known, the classical heat equation derives its parabolic nature from the presence of the gradient of the absolute temperature in the heat conduction law. In our model if t ¼ 0, then the internal variable b coincides with g while (5.9) reduces to Fourier's law. Then we get the classical parabolic heat equation. If instead t is di¤erent from zero but very small with respect to T, then the physical e¤ects of b become apparent earlier than those of g. In such a case there is a finite buildup time of the di¤usive regime during which the hyperbolic propagation can be observed. Finally, if t has the same order of magnitude as T, then the hyperbolic heat conduction is superposed on the parabolic one and a non-Fourier di¤usive regime takes over. Let us remark that, since t depends on y, the same material may exhibit di¤erent behaviors in di¤erent ranges of temperature. This result is confirmed by the experiments [8, 9] .
Identification of material parameters
In the present Section we use the experimental results for second sound propagation in sodium fluoride and bismuth [8, 9] , in order to determine the most crucial parameter characterizing the theory, namely, the relaxation time t. To achieve that task let us consider a one-dimensional rigid heat conductor and assume that the internal energy depends only on the absolute temperature y (Debye's theory). Finally, let
Once the constitutive equation (5.9) is taken into account, then the energy balance (2.2) and the kinetic equations (4.6) and (5.1) yield
where the prime denotes the derivative with respect to y and F y 1 qF qy . The system above allows, in principle, the determination of the unknown field u ¼ ðy; q; bÞ, describing the evolution of the absolute temperature, of the heat flux and of the semiempirical temperature. It is easily seen that the presence in (6.3) of the second derivative y xt as a singleton, makes the system parabolic. However, under the hypothesis (b) of the previous section, the equations (6.2)-(6.4) yield
ð6:5Þ The speeds of propagation of thermal disturbances satisfy the characteristic equation
Besides the solution l ¼ 0, which corresponds to a wave moving with the medium, Eq. (6.10) admits the solutions Due to the physical properties of the material functions r; t; k and c, the right hand side of (6.12) takes real values so that the system (6.8) turns out to be hyperbolic. On the other hand, by (6.12) we get
ð6:13Þ
The relation above allows the determination of t and, namely, of the kinetic equation (5.1) since the physical parameters appearing at the right hand side of (6.13) have been measured as functions of the absolute temperature. As an example let us consider a crystal of sodium fluoride. It was shown in [33] [26, 33] . Let us remark that the experimental results quoted above are very typical for second sound propagation at low temperature since also di¤erent tested materials (helium-3, sodium iodide, lithium fluoride) present a similar behavior [22] . Hence our model is in complete accordance with experience.
Concluding remarks
In the last two decades two di¤erent philosophies have inspired the scientists dealing with non-equilibrium thermodynamics. The extended thermodynamics approach [1, 2, 3] , starting from the results of kinetic theory, assumes that the system of equations of nature should be of the hyperbolic type. In this way the restrictions due to the Causality Principle are fulfilled. The classical approach to non-equilibrium thermodynamics [12, 27] instead seems to be more related to the phenomenological point of view and accepts also the parabolic models. In the present paper an attempt of unification of the latter points of view is made by requiring that the systems of equations of nature should be hyperbolic in the experimental sense but not necessarily in a strict mathematical sense. Moreover, we have presented a natural form of the dynamical governing equations of non-equilibrium thermodynamics, namely, the di¤usive-hyperbolic one, in which some material parameters determine their mathematical nature (parabolic or hyperbolic). In fact, the same physical system can shift from the parabolic to the hyperbolic regime as a consequence of di¤erent experimental situations. This is the case for several fundamental physical phenomena such as superfluidity, superconductivity and thermal wave propagation. Last but not least, the di¤usive-hyperbolic systems allow the application of certain important mathematical techniques for searching the solutions of the hyperbolic systems, for instance the artificial viscosity method.
